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that although for C = 1.0, In C/C, = 0.133 and thus the require-
ment that C/C,, > 1 is not fully satisfied, the agreement between
the analytical and numerical results is quite satisfactory. Also
note that the numerical solutions show a small but finite non-
dimensional heat-transfer rate, g'(0) at the surface which
approaches zero as f—0* and f ”(0) —0*. In view of these
results, Kassoy’s asymptotic theory is considered confirmed.
Examination of the nondimensional velocity and shearing
stress profiles f'(r) and f"(y) for the compressible boundary-layer
case shows that their behavior is similar to that for the incom-
pressible similar boundary layer. Examination of the numerical
results for the nondimensional enthalpy ratio g (57) shows that the
extent of the region of constant enthalpy near the surface
increases as f— 07 and f”(0)— 0", In the limit the constant
enthalpy region would become of infinite extent. Consequently
no heat transfer would occur at the surface. Further examination
of the numerical results shows that the region of maximum heat
transfer rate moves away from the surface as f—0" and
Sf'(0)— 0*. These results serve to further confirm the asymptotic
solutions obtained by Kassoy.
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Laminar Flamesheet with Hypersonic
Viscous Interaction
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Introduction ;
LTHOUGH analytical studies of laminar flamesheets are
available,' none has considered the case where the flame
is held in a hypersonic stream and the heat release is sufficiently
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Fig. 1 Self-similar flow model describing pressure interaction between
hypersonic flow and laminar flamesheet.
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intense to induce a significant pressure increase. Evaluation of
this induced pressure is the objective of this Note. For simplicity
in other respects, we assume gases with unit Prandtl and Lewis
number, linear viscosity-temperature variation, and uniform
specific heat for all species. The flow geometry assumed is that
of Fig. 1, in which the pressure interaction occurs over a semi-
infinite, porous, flat plate with fuel injected through it at a
specified angle, and the flamesheet is infinitesimally thin. Only
self-similar flows are considered. This requires an injection
distribution diminishing downstream as x™!/2 or x~3/4, for weak
or strong interaction cases, respectively, and an isothermal wall.

Analysis

The self-similar equations of motion for the boundary layer
are ’

f+ff"+Blg—f*=0 - (momentum) m
g"+fg =0  (energy) @)
p=7"'0—Dph  (state) 3)
C/+fC/=0  (species) €]

where :
f=Q)™", g=nH, (5a, b)
p=p, P. .C=1 (6a, b)
=u,(28)"1? rpdy, &= J‘xpeueuedx (7a, b)

0 0

B = (2¢/u)(du/dE)H /h, ®)

~ Primed quantities denote differentiation with respect to the lone

independent variable #. The symbols p, y, p, h, ¥, H, p, and u
represent the gas pressure, specific heat ratio, density, enthalpy,
stream function, stagnatlon enthalpy, viscosity, and x component
of velocity, respectively. C; is the mass fraction of species i. These
equations apply between the plate and the flamesheet and
between the flamesheet and the outer edge of the boundary layer.
Boundary conditions must be applied at the plate, the flamesheet,
and the outer edge. At the plate (y = 0)

X 1/2

——fw=N<2x‘1J de) /P )
4]
f =9, N7/M Ptanf) (10)
Cw+/,C; =0 (i # fu) (11a)
fu w+f Cfu w fw (11b)
and g is given, where

N=p,v,(p, u,) "Re '? (12)

Re,=p u, x/u,, 7=2%@—-1)M_3Re ~'*(13a,b)
and v, is the transverse component of velocity at the surface
and M is the Mach number. At the flamesheet, f, f', ", ¢,
Cyy-and C , are continuous, where subscripts fu, dil, pr (i), and
later ox dp note fuel, diluent, the ith product, and oxidizer,
respectively (see Fig. 1). In addition,

g, =g, 7)—9.C,,(n,7)/C,,(o0) (14
Co,)=C,,(n,7)=0 (15)
Vo W G 0, ) v, W, C (0, 7) = 0 (16)

where W is the molecular weight and v the stoichiometric
coefficients of the following chemical reaction:

v, tfu]+v, [ox] — X, v, [pr(i)]+AH 17

gc = AHC  (0)/v, W, H,) (18)

Physically, g, is the ratio of combustion energy per unit free-

stream mass to freestream stagnation enthalpy per unit mass

(H,). At the outer edge (7 — ), C,, (0) is a specified constant

and
f(o)=g(w)=1 (19)
C Prm(oo)'= 0 (20)
_ {1 +(/2)M , 6*/x (weak interaction) (212, b)

(kM , 5*/x)* (strong interaction)
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where k is 0 6124, 1.0580, and 1.3201 for y = 1, 1, and 3,
respectlvely 2The last relation, for P (5*) is obtained?® by integrat-
ing the equations of motion in the region of disturbed flow out-
side the boundary layer. Of course, P varies as x~ /2 for
strong viscous interaction with a flamesheet, just as in the classical
interaction case without a flamesheet. As a result, Eq. (9) can be
written as

. 212N
v {ZN/(kM w */%)

(weak interaction)
(strong interaction)

(22a, b)

Solution of some of the above equations and conditions is
straightforward. Integration of Eq. (2) and useé of boundary
conditions (14) and (19) lead to a relation between g,, and g."

gcCox(n;k)j ( j >
g, =1+% o ol " fay, Van—
C,, (o) . P N fdn, jdn |

g'wf exp(— f "fdm)dn 23)
Jo 0

Similarly, integration of Eq. (4) and use of conditions (11b, 15a,
and 16) provide

Ci, () = Coy (OO)/J‘ ex;ﬁ(—j fd;11>d77 (24)
", Ne
_ Cox (w)vfu mu _ _wa‘Yl,; exp<—j0fdﬂl> dr’

- v W - o n
o l—wa em(—ffdm)dn

For hypersoric flows, the displacement thickness 6* equals the
bouridary layer thickness & (corresponding to where /7 = 1).24
Integration of the inverse of definition (7a) provides

(25)

M, 6%/x = (y:/P)(zx— ! J

0

) 1/2 . .
de> (1-g,)(@;—n )+

G bt f :(l—f”)dn 26)

where

¢1=Uwexr><—rfdm>dn]_ X
[0} [0
H J eXP(—J lfdnz>dmdn—
0 1) o]
f J eXp(—rlfdm)dmdn]
n, Jn 0
e [ ool frm)a]
n, Y : .
rj GXP(—,ﬂlfdnz>dnldn

Equations (23) and (24) hiave been combined in deriving Eq. (26),
and it is clear that if f is known Egs. (10 and 21-26) provide a
unique solution for the unknowns f,, fu, P, M, 6%/x, g,/, and
1, in terms of the known dimensionless parameters N,g. 1
M, tand, y (directly and indirectly through k and B), g, ad C.
Iff is not known, the problem is well posed, but all variables f, g,
C,, and their derivatives must be evaluated simultaneously. Once
the problem is solved, it may be desirable to compute such
properties as the flamesheet ordinate y, or some Stanton
numbers:

* 1/2 :
M,y /x= ()‘(/P)(Zx_lj de) [(l—gw)(¢3“'1*)+
0

Ge by + j "*(l—f“)dn] @
0
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= i\ =
Pw uco Hao (gd,w_gw)

x ,1/2‘
Pgw’<x/2Rew'[ de) (1+gc—g,)™"  (28)
) 0
—(Ag) N L

CH,* = ———*pw u, ;—]w = ch (X/ZREoo J; de) X

i o . rn ) -1

[ f exp < - f fdm> dn] 29

n, n *

where g, ,, is the adiabatic g,, (equial té 14+g,) and

© ] \ -1 (s ( My =
0 0 ; 0 JO 0

Flow with Full Slip

It is illustrative to examine the trends of our formulation for
the simplest model with a flamesheet. Accordingly, we now make
assumptions for the three parameters 6; f§, and g, We assume
that the fuel is injected at that angle 6 that produces a unit
value for f,’. We neglect the term multiplied by /3 in Eq: (1), on
the basis that § is at most 3 for diatomic species. In this
limit, f is simply f, +#. The pertment quadratures involve
complementary error functions. Equation (24) becomes

offotte) __C 1= (1/2)"%f, exp 27, Derfc 2™ 12, )

e\ )T itc — @27, éxp (27,2

, _ (30)
Finally, we consider only the case of an insulated wall,
gy, = 14+gc. In this case, the degree of viscous interaction is
proportional to g, only; ie., thé interaction is*caused by energy
addition at the flamesheet rather than by both (1—g,) and Jes
as the right meniber of Eq. (26) would suggest. These assump-
tions, with the help of Eq. (22), réduce Eq. (26) to

Cuw

(2N7ge) ™ *M,, 0*/x {weak interaction)
fati= {2N 2(kjge)"N(=f,)"®  (strong interaction) 31)
where
= {(n/2)*(—f,yexp[27 (1, +"*)2]effc[2 Y fu )
Sxmllarly

Vifd = [m/(=fJ1 {1+ ¢0)7"
Note that theré is a maximum concentration ratio C for every
mass-addition parameter f,;; namely, C is

—(%/2)"f, exp (f,2Derfe (£,27112),
according to Eq. (30). With greater C, the sﬁpply of fuel is not
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Flg 2 Flamiesheei with strong viscoiis interﬁctiorl and full slip: a)
boundary-layer thickness and inducéed pressure; b) flamesheet ordinate.
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sufficient to keep the flamesheet from eollapsing orito the surface.
Inadequately fueled flows can occur in both the weak and strong
interaction limits and can be described in terms closely
analogous to those for a partly catalytic wall. Surface flame-
sheet flows are not presented here. In the strong interaction case,
C and f,, were assumed, and (f,,+#,)27'* was found as the
inverse of the complementary error function, Eq. (30). The second
essential parameter, N?/kig,, was then found from Eq. (31b).
Equation (22b) gives M&*/x. Also, Cy. Re,,'*/(gc N) = ¢;.

In both the weak and strong interaction limits; the pressure,
displacement, energy of combustion, and ﬂamesheet ordinate,

which appear in the numerator of the ordinates plotted in
Fig. 2, are roughly proportional to the product of the classical
interdction parameter ¥ and the energy parameter g.. The
product 7g; appears, rather than § alone, because the charac-
teristic fluid enthalpy in the boundary ldyer is defined by the
combustion process rather than the freestream . staghation
enthalpy and surface conduction. Both g. and g, would have
appeared in a lincar form, eg., Eq. (26), had our application
allowed a cooled surface. Note also that injection of a light fuel
(small W, and C) has a larger effecton these properties than a
heavy fuel.
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Heat and Mass Transfer on Cones
at Angles of Attack

ANDEZE] WORTMAN*
Northrop Corporation, Hawthorne, Calif.

HIS Note summarizes a parametric study of laminar

_boundary-layer flows at the most windward generators of
sharp cones at angles of dttack. -Several model gases and
equilibrium air flows are considered with Mach numbers, wall
to total enthalpy ratios and cross-flows parameters spanning
the ranges of main engineering interest. Exact boundary-layer
calculations are employed.

Starting with the pioneering work of Moore! boundary layer
flow on sharp cone§ at angles of attack in supersonic flow
has received considerable attention ds a fluid mechanics rather
than a heat-transfer. problem. Using exact, constant density-
viscosity product solutions with Pr = 0.7 for low speed flows
and Pr =10 for general flows, Reshotko® suggested a Pr*37
and Pr° variation of heat-transfer and recovery factors, respec-
tively. Some exact solutions,®* based on experimentally detér-
mined pressure dlstrlbutlons and normalized by the leading cone
generator values were found to be in good agreement with test
data. Mass transfer effects on slender cones were studied by
Fannelop and Smith,> under the assumption of small cross-flow.
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Fig. 1 Reduction of heat transfer by injection.

In a parametric study illustrating. the salient features of the
flow, Libby® employed the assumptions of a constant den51ty-
viscosity product and Prandtl number of unity, thus concerning
himself primarily with the fliid mechanics aspects of the problem
rather than heat transfer which is generally critically dependent
on variations of gas properties. In contrast to Libby’s work the
main interest here is directed at the display of the influence of
variation of gas properties.

Table 1 Influerice of gas properties on q’s*/qs‘;,

Pr 0715 0715 0.715 100 10,000 20,000 25,000
& w 05 07 10 1.00 fps fps fps

a) ¢g,=0.10E, =05

0.0 100 100 100 100 100 100 100
05 130 129 129 130 130 131 130
10 153 153 152 154 154 155 154
20 192 191 190 194 194 194 194
3.0 224 224 222 226 226 228 226

b) g,=0.10,E, =07

0.0 100 100 100 100  1.00 1.00

0.5 133 133 133 1.34 1.33 1.33
1.0 1.60 159 159 1.61 1.59 1.58
20 202 201 200 204 2.00 1.99
30 236 235 234 239 2.35 234

o g¢,=010,E, =09

0.00 00 100 100 1.00 1.00
0.5 148 148 148 1.51 1.49
1.0 178 181 182 1.85 1.80
20 229 234 234 238 2.31
30 270 276 276 2.81 2.5

0 g.=050E, =07

0.0 100 100 100 100

0.5 141 142 142 1.42
1.0 .71 173 172 1.72
20 219 220 221 219
30 258 260 260 258

d) g,=005E, =07

00 100 100 100 100
0.5 132 132 132 134
10 158 157 157 100
20 199 198 197 201
30 233 232 231 236




